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Problem 1. Identical interest games and potential games

Consider an N-player game, in which each player Pi has a set Γi of pure strategies. Let Γ = Γ1 × · · · × ΓN . A
game is said to be of identical interests if all players have the same cost function, that is

Ji(γ) = ϕ(γ) ∀i = 1, ... , N, ∀γ ∈ Γ.

a) Show that an identical interest game has a pure strategy Nash equilibrium. Furthermore, this Nash equilib-
rium is admissible.

b) Consider the identical interest game below. Show that it has two admissible Nash equilibria, but these
equilibria are not interchangeable: A = B =

[
0 1
1 0

]
c) Suppose γ is a Nash equilibrium for the game. Is it a minimizer of ϕ? Justify your answer.

Solution:

a) The function ϕ is an exact potential for the game since for all i, i.e.,

Ji(γi , γ−i) − Ji(γ′
i , γ−i) = ϕ(γi , γ−i) − ϕ(γi , γ−i), ∀γi , γ′

i ∈ Γi , γ−i ∈ Γ−i .

Since ϕ takes on finite values (its domain is finite), ϕ has a minimizer γ ∈ Γ. This can be verified as follows:
let γ∗ = arg minγ∈Γ ϕ(γ), that is, ϕ(γ∗) ≤ ϕ(γ). Hence, for all i, ϕ(γ∗

i , γ∗
−i) ≤ ϕ(γi , γ∗

−i) for all γi ∈ Γi . From
the fact that ϕ is a potential function, it follows that Ji(γ∗

i , γ∗
−i) ≤ Ji(γi , γ∗

−i) for all γi ∈ Γi and hence, γ∗ is an
admissible pure Nash equilibrium.

b) There are two pure Nash equilibria: (x, x) and (y, y). The two Nash equilibria are admissible, because they
have the same cost for both agents, but they are not interchangeable, because the strategies (x, y) and
(y, x) are not Nash equilibria.

c) No, a Nash equilibrium of the game is in general not a minimizer of ϕ. Consider for example, Γi = {1, 2},
i = 1, 2 and ϕ(1, 1) = −2,ϕ(2, 2) = −1,ϕ(1, 2) = ϕ(2, 1) = 0. The Nash equilibria are the strategies (1, 1) and
(2, 2) but only (1, 1) is the minimizer of ϕ.

Problem 2.

Provide two approaches for verifying whether the prisoner’s dilemma game discussed in Lecture 01 is a poten-
tial game. Show your work for both approaches.

[ Confess Stay silent

Confess (5, 5) (0, 10)
Stay silent (10, 0) (1, 1)

]
.

Solution:

Approach 1:
To derive the exact potential function of the prisoner’s dilemma, we solve the following set of equations:

J1(C, C) − J1(S, C) = P(C, C) − P(S, C)
J2(C, C) − J2(C, S) = P(C, C) − P(C, S)
J1(S, S) − J1(C, S) = P(S, S) − P(C, S)
J2(S, S) − J2(S, C) = P(S, S) − P(S, C)
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Set P(C, C) = 0. Then,

P(S, C) = P(C, C) − J1(C, C) + J1(S, C) = 0 − 5 + 10 = 5
P(C, S) = P(C, C) − J2(C, C) + J2(C, S) = 0 − 5 + 10 = 5
P(S, S) = P(C, S) + J1(S, S) − J1(C, S) = 5 + 1 − 0 = 6

Thus, potential function P is given by:

P =
[

0 5
5 6

]
.

Approach 2:
We can check if the improvement along a simple closed path of length 4 is equal to zero. If yes, the game is
potential. There are two possible simple closed path of length 4:

P1 = { (Confess, Confess) , (Stay silent, Confess) ,
(Stay silent, Stay silent) , (Confess, Stay silent) ,
(Stay silent, Confess)}

P2 = { (Confess, Confess) , (Confess, Stay silent) ,
(Stay silent, Stay silent) , (Stay silent, Confess) ,
(Confess, Confess)}

The improvement for the first path is:

I(P1) :=
4∑

k=1
[Jik (γ(k)) − Jik (γ(k − 1))]

=J1 (Stay silent, Confess) − J1 (Confess, Confess) +
J2 (Stay silent, Stay silent) − J2 (Stay silent, Confess) +
J1 (Confess, Stay silent) − J1 (Stay silent, Stay silent) +
J2(Confess, Confess) − J2(Confess, Stay silent)

=(10 − 5) + (1 − 0) + (0 − 1) + (5 − 10) = 5 + 1 − 1 − 5 = 0.

The improvement for the second path can be computed in the same way and it is zero as well. Thus, the game
is potential.
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